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Abstract
The decoupling limit of the D1-D5 system compactified on T 4 × S1 has a
rich spectrum of U(1) charged excitations. Even though these states are not
BPS in the limit, BPS considerations determine the mass and the semiclassical
entropy for a given charge vector. The dependence of the mass formula on
the compactification moduli situates the symmetric orbifold SymN (T 4) × T˜ 4
conformal field theory in the moduli space. A detailed analysis of the global
identifications of the moduli space yields a picture of multiple weak-coupling
limits – one for each factorization of N into D1 and D5 charges d1 and d5 =
N/d1 – joined through regions of strong coupling in the CFT moduli space.
1flarsen@theory.uchicago.edu
2ejm@theory.uchicago.edu
1 Introduction and Summary
The D1-D5 system is a touchstone of recent progress in string theory. It underlies the
first reliable counting of black hole microstates [1]; as well as precise calculations of
their cross-sections for absorption and emission of low-energy quanta, in the context of
a unitary quantum-mechanical theory (for review see e.g. [2, 3]). It is a prime example
of the duality between gravitational and non-gravitational dynamics [4, 5, 6, 7] in
certain scaling limits.
When the D1-D5 system is compactified on X4 = T 4 or K3 in the directions
on the D5-brane that are transverse to the D1-brane, and on a large circle in the
common direction, the low-energy dynamics in the appropriate scaling limit appears
to be generically described by a sigma model on the moduli space of instantonsMinst
in the D5-brane gauge theory.3 It has been proposed that this sigma model might be
effectively described as a blowup of the symmetric product orbifold SymN (X4).
When X4 = T 4, there is a large class of of U(1) charged excitations. Although
these excitations are not BPS after taking the scaling limit, they are BPS states
beforehand; moreover, their energies remain finite in the limiting theory. BPS con-
siderations thus determine a lower bound on the masses of charged states, as well
as the semiclassical entropy of states satisfying the bound; the evaluation of these
quantities constitutes some of our main results. Their determination is not solely
attributable to the fact that these charges couple to a U(1) current algebra in the
limiting theory.
We begin in section 2 with a specification of the scaling limit itself, as a limit of
the BPS mass formula where certain charges are taken to describe a “heavy” brane
background, while others remain “light”. According to the Maldacena conjecture [5],
the dynamics of the heavy brane background is dual to string theory on AdS3 ×
S3 × X4, where the anti-de Sitter radius in units of the fundamental string scale is
RAdS = ls(g
2
6q1q5)
1
4 (g6 is the six-dimensional string coupling), and the characteristic
proper size ofX4 is ls(q1/q5)
1
4 . We determine how the energy of the light U(1)-charged
excitations on X4 = T 4 depend on the radii of a rectangular four-torus, with all other
3The ADHM equations defining this moduli space can be suitably generalized to include fivebrane
number equal to one; the resulting variety is called the Hilbert scheme (c.f. [8]).
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moduli set to zero. The resulting mass formula depends separately on the background
one-brane and five-brane charges q1 and q5 (and not just the product q1q5), due to the
different ways the proper size of the four-torus affects the various charged objects [9].
This indicates that the theory in some way distinguishes backgrounds with different
one-brane and five-brane charges.
This leads us in section 3 to a more detailed investigation of the dependence of
the BPS mass formula on all the SO(5, 5)/SO(5)×SO(5) moduli of compactification
on T 4. We begin with an analysis of the heavy brane background, determining the
tension of objects wrapping the large circle. The minimization of this tension fixes
five of the moduli in terms of the rest [10, 11], reducing the local geometry of the
moduli space to K = SO(5, 4)/SO(5)× SO(4). We give a set of explicit and general
formulae for the fixed scalars.
For generic moduli, the D1- and D5-branes are bound together by an amount
determined from the tension formula. The bound state dynamics is the Higgs branch
of the low-energy D1-D5 gauge theory, reducing in the infrared to the aforementioned
sigma model on instanton moduli spaceMinst; the singularities of the instanton mod-
uli space are regularized at generic points in the Teichmuller space K by nonzero
antisymmetric tensor backgrounds (including the RR scalar) in the ambient space-
time [12, 8]. The binding energy of the brane background vanishes along certain codi-
mension four subspaces of K.4 These are the domains where the D1-D5 bound states
can separate into subsystems. Coulomb branches (more precisely mixed Coulomb-
Higgs branches) of the D1-D5 gauge dynamics describe configurations where these
subsystems are separated in directions transverse to the fivebranes. It is the appear-
ance of these new branches that causes the spacetime CFT to become singular.5 We
4With periodic (Ramond) boundary conditions on fermions. As discussed in [12], there is a finite
gap between the two branches in the presence of antiperiodic (NS) boundary conditions on the
fermions.
5It is often said that the Coulomb and Higgs branches of the field space decouple in the low-energy
limit of the brane dynamics; however, since the effective field theory that describes the singularity of
the Higgs branch [23, 12] is written in terms of a vector multiplet describing the transverse separation
of branes, one might say that the Higgs branch is joined smoothly onto the near-horizon region of
the Coulomb branch. Similar phenomena occur in the parametrization of the large-N solution of the
ADHM equations [25], where the scale size of instantons inside a stack of D3-branes is isomorphic
to the transverse separation of D-instantons from the D3-branes, provided that separation is scaled
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apply the tension formula to determine the singular locus in the moduli space K for
given background brane charges d1 and d5 (including the case where either of the
charges is equal to one).
Having dealt with the heavy background for generic moduli, we proceed to an
analysis of the light U(1)-charged excitations and their dependence on the moduli.
This exercise provides a great deal of robust, non-topological data that can be com-
pared to particular conformal field theories such as the symmetric orbifold. Later, in
section 6, we use this data to locate the subspace of the moduli space described by
the symmetric orbifold.
In maximal supergravity on T 5, 1/8-BPS states have a finite entropy. Usually,
the charges participating in this entropy are taken to be the background D1- and D5-
brane charges themselves, together with momentum along their common direction.
However, the finite entropy will persist even when the responsible charges are “mis-
aligned” with the large circle in the scaling procedure of section 2 – for example, a
string could carry both winding and momentum on the small T 4. This finite entropy
of states carrying combinations of U(1) charges is calculated in section 4.
An important part of the structure of moduli spaces of toroidal compactifications
is their group of global identifications. These are discrete transformations on the
charge lattice and moduli that leave the spectrum invariant. With the full moduli
dependence of the charged spectrum in hand, we are poised for an analysis of these
identifications in section 5. In the presence of the “heavy” brane background, the
full SO(5, 5;Z) duality group of string theory compactified on T 5 is reduced to the
subgroupH~q that preserves the charge vector of the background. Transformations not
in this subgroup do not preserve the fixed scalar conditions or the spectrum of U(1)
charged excitations. Nevertheless, the theory is covariant under such transformations;
one can transform any given background charges (q1, q5) into (N = q1q5, 1), as long as
one transforms the moduli (including the fixed scalars) at the same time. Therefore,
the moduli space for charges (N, 1) will be continuously connected to regions having
a natural interpretation in terms of charges (q1, q5). These are simply two different
interpretations of the same spacetime conformal field theory. We call the charge
vector (N, 1) the canonical background.
to remain finite in the Maldacena limit. We thank A. Strominger for discussions of this issue.
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It is easy to find transformations from a given charge vector to the canonical charge
vector inside an SO(2, 2;Z) subgroup of the duality group; a convenient choice is the
SO(2, 2;Z) subgroup acting on the moduli that are scalar or pseudoscalar on the T 4.
The map from the background charges (q1, q5) to the canonical charges transforms the
singular locus in moduli space to a well-defined region in the fundamental domain of
the moduli in the canonical background. The interesting part of the residual duality
group H~q turns out to be a certain ‘diagonal’ Γ0(N) inside this SO(2, 2;Z).6 We show
how the important structure of the fundamental domain of the moduli space of the
spacetime CFT inside the Teichmuller space K = SO(5, 4)/SO(5) × SO(4) can be
projected onto the fundamental domain of Γ0(N) acting on τ = χ+i/gs (here χ is the
RR scalar, gs the string coupling of type IIB string theory). The rational cusps of the
fundamental domain have the interpretation as coming from D1-D5 systems having
different partitions of N into one-brane and fivebrane numbers (d1, d5 = N/d1). The
singular locus in the CFT moduli space, where the system is unstable to decay by
emitting D1- and D5-branes, is located as a set of circular arcs inside this fundamental
domain passing between conjugate cusps. A satisfying picture of the CFT moduli
space emerges, whereby different weakly-coupled regions of the CFT, describing the
spacetime physics of different numbers of D1- and D5-branes, are connected through
regions of strong coupling.
One of the goals of our investigation was to pin down the relation between the sym-
metric orbifold SymN(X4) and the D1-D5 spacetime conformal field theory. In section
6, we match the structure of a somewhat modified symmetric orbifold SymN (T 4)× T˜ 4
to that of the spacetime CFT. The extra T˜ 4 is needed to represent the full spectrum of
sixteen U(1) charges. The U(1) currents of this orbifold naturally split into two sets:
Eight (four left-moving and four right-moving) of “level” N from the symmetric prod-
uct,7 and eight more of level one from the extra T˜ 4. This suggests that the orbifold
naturally describes a region in the cusp of the fundamental domain corresponding to
the canonical charges (N, 1); we indeed find that all known data are consistent with
6Γ0(N) is the subgroup of SL(2,Z) defined by matrices (
a b
c d
), ad− bc = 1, c ≡ 0 mod N .
7By the level of a U(1) current algebra, we mean the coefficient of the double pole in the current-
current two-point function, when the currents are canonically normalized such that the momentum
and winding charges are pi/ri and w
iri as in equation (5) below.
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this proposal. This data includes the precise spectrum of BPS states (including the
upper cutoff on R-charges), which matches expectations from duality [13, 14, 15]; the
qualitative growth of the full (non-BPS) spectrum [16]; the structure of the moduli
taking one away from the orbifold locus; and the U(1) mass formula.
During the course of our investigations, we learned of related work [17] on the en-
tropy of U(1) charged excitations; and on the global structure of the moduli space [12].
2 The Setting
Consider type IIB string theory toroidally compactified to five dimensions. This
theory contains 27 U(1) charges: 5 KK-momenta, 5 fundamental strings, 1 fully
wrapped NS5-brane,
(
5
1
)
= 5 D1-branes (D-strings),
(
5
3
)
= 10 D3-branes, and
(
5
5
)
= 1
D5 brane. The U(1) charges transform in the fundamental 27 of the E6(6) duality
group. The toroidal compactification is characterized by 42 moduli that parametrize
the coset space E6(6)/USp(8). In this section we focus on the moduli that are given
by the radii of a rectangular torus, as well as the type IIB coupling constant.
The Scaling Limit: The microscopic description of black holes is based on a field
theory that does not contain gravity. This theory can be isolated from the full string
theory by taking a suitable limit. The limit leaves one of the radii, say R5, much
larger than the other four radii Ri, i = 1, 2, 3, 4. More precisely, we take ls → 0 with
Ri ∝ ls (i = 1, 2, 3, 4) and R5 fixed, while keeping the integer quantized values of the
U(1) charges fixed. The scale of energy in the system is set by R−15 . The effect of
this limit on the various U(1) charges can be judged by considering the mass of singly
charged constituent branes:8
MF1 = Ri/l
2
s
MKK = 1/Ri
MNS5 = R1R2R3R4R5/l
6
sg
2
s
MD1 = Ri/l
2
sgs (1)
MD3 = RiRjRk/l
4
sgs
8The precise definition of the string scale is ls ≡
√
α′.
5
MD5 = R1R2R3R4R5/l
6
sgs .
The 10 branes that wrap R5 have masses that scale as l
−2
s . These are the NS5/D5,
the F1/D1 along R5, and the
(
4
2
)
= 6 D3 branes with one dimension along R5. The
branes that do not wrap R5 and the KK-momenta within the small T
4 have masses
that scale as l−1s ; there are 16 such charges. Finally the KK momentum along R5
gives a mass scaling as l0s .
In the decoupling limit four dimensions are taken small, so it is natural to interpret
results in terms of the remaining six dimensions even though one of these is actually
compact (with radius R5). The 10, 16, 1 charges with masses that scale as l
−2
s , l
−1
s
and l0s are tensors, vectors, and scalars from this six dimensional point of view. They
transform in the vector (10), spinor (16) and scalar (1) of the SO(5, 5) duality group
of the six-dimensional theory. The most massive excitations are those that correspond
to charges of the 10 tensor fields. The strategy is to consider a background created by
these “heavy” charges and then consider the remaining “light” charges as excitations
in the resulting theory.
The Tensor Background: Accordingly, first consider the tensor charges. Regular
black holes correspond to configurations where these preserve 1/4 of the supersym-
metry. Simple choices of excited charges are the D1 and the D5, or the F1 and the
NS5 (these and other choices are equivalent under the action of the SO(5, 5;Z) U-
duality subgroup that preserves the distinction between the small and large circles).
We consider the F1/NS5 system without loss of generality. The mass of this brane
background is
M =
R5
l2s
(
q1 +
v4
g2s
q5
)
, (2)
where v4 = R1R2R3R4/l
4
s . Due to the attractor mechanism (see below), in the near-
horizon geometry the six-dimensional string coupling g26 = g
2
s/v4 is drawn to g
2
6 =
q5/q1, the value that minimizes the mass of the brane background in 6d Planck units.
The Vector Excitations: Next consider the charged excitations about this back-
ground. It is instructive to begin the discussion with a simple example. Consider the
F1/NS5 system with momentum along the F1 on a rectangular T 5 with vanishing
6
parity-odd moduli. In general the F1 is not aligned with any of the coordinate axes,
but the mass of the configuration is nevertheless the sum of constituent masses
lsM =
v4r5
g2s
n5 +
√√√√ 5∑
a=1
(wF1a r
a +
pa
ra
)2 , (3)
where ra = Ra/ls for a = 1, . . . , 5 (so v4 ≡ r1r2r3r4). In the scaling limit the formula
becomes
lsM =
v4r5
g2s
n5 + f1r
5 +
p5
r5
+
1
2qF1r5
4∑
i=1
(
wF1i r
i +
pi
ri
)2
, (4)
where terms that vanish in the limit were omitted and f1 ≡ wF15 . The first two
terms scale as l−2s , as expected for tensor field backgrounds. More importantly, there
are no terms that scale as l−1s ; the energy attributable to the vector excitations is of
order l0s . In other words, the vector charges contribute much less to the energy in the
environment created by the tensor fields than they would in isolation.
After the remaining vector charges are taken into account, the energy of the vector
excitations becomes
R5E = p5 +
1
2f1
4∑
i=1
(pi
ri
+ wiF1ri
)2
+
1
2n5
4∑
i=1
(wD3i √v4
ri
+ wiD1
ri√
v4
)2
, (5)
where wD3i ≡ 16ǫijklwjklD3 are wrapping numbers of D3 branes that wrap the four-torus.
This formula is derived in the Appendix. It can be motivated by noting that the two
last terms in (5) are related by the symmetries of the theory; indeed ST1234S performs
the interchanges f1 ↔ n5, pi ↔ wiD1, and wiF1 ↔ wD3 i.
The formula (5) has the same spectrum as a “one-brane” current algebra at level
f1 on a torus of radii ri, together with a “five-brane” current algebra at level n5 on
a torus of radii ri/
√
v4. This leads to a puzzle [18]: the proposed dual symmetric
orbifold CFT has a diagonal U(1)4 current algebra in the untwisted sector of level
N = f1n5, and so would appear at best to describe f1 = N , n5 = 1. We will see
in section 5 that this apparent difficulty is an artifact of the particular subspace of
moduli taken into account in (5). At generic points in moduli space, the mass formula
does not neatly separate into a “one-brane term” and a “five-brane term”.
BPS arguments guarantee that the masses given in equation (5) are exact, that is,
there are no perturbative or non-perturbative corrections. Nevertheless, the excita-
tions are not BPS in the decoupled theory. It is the complete set of supersymmetries
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in the original string theory that ensures the exactness and some of these are realized
nonlinearly in the decoupled theory. One of the motivations for considering the U(1)
charges is that these are well-behaved non-BPS excitations.
In this sense, our situation is directly parallel to that of matrix theory, where parts
of the eleven-dimensional supersymmetry algebra become nonlinearly realized in the
limiting process that defines the construction, and certain BPS charges (in that case,
the transverse fivebrane charge) decouple from the supersymmetry algebra [19]. This
property is a generic feature of the decoupling limit.
The mass formula (5) gives the energy of the lowest state with the specified
charges. More generally this formula can be interpreted as a lower bound on the
energy in the superselection sector with the specified charges. In this way the con-
siderations of this section are relevant at any finite energy in the decoupled theory.
The discussion in this section assumed toroidal compactification. It is straight-
forward to replace the small four-torus with a K3 and scale the volume of the K3 in
the same way. Then the “heavy” charges are carried by 26 tensor fields in the 6d the-
ory that transform in the fundamental representation of the duality group SO(5, 21).
However, there are no 6d vectors and so there is less to say about the structure.9
3 Masses and Moduli
The energy carried by U(1) charged excitations depends sensitively on the moduli
of the background. The purpose of this section is to present a mass formula that
expresses the dependence on general SO(5, 4)/SO(5)× SO(4) moduli.
9Another puzzle, raised in [15], concerns whether a 1+1d CFT can describe the limits in the K3
moduli space where a vanishing cycle on the K3 appears. At these points, a tensionless string appears
in the spectrum of IIB string theory; where is this string in the spectrum of the CFT? First of all,
tensor charges (for either T 4 or K3) are “invisible” in the sense that they are part of the specification
of the CFT background rather than an excitation of the CFT itself. Therefore, the appearance of
a light string in the spectrum (which need not be one of those in the brane background) means
that the target space of the CFT is becoming strongly curved and/or of small volume in units of
that string’s tension, and therefore at least part of the CFT is becoming strongly coupled. The
decoupling limit assumed that all the background strings had finite tension in the limit, and this
assumption is breaking down. Using duality transformations of the type explored below in section
5, one can relate these limits to decompactification limits in some other duality frame.
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The Tensor Fields: Consider first the heavy background, i.e. the 6d tensor fields,
and further assume that the parity-odd moduli vanish. In this restricted case the
square of the mass is the obvious norm of the SO(5, 5) charge vector. We write the
result as
G˜6M
2
5
R25
=
g2s
v4
(f1 +
v4
g2s
n5)
2 +
1
v4
(d1 + v4d5)
2 +
+
1
2v4
Dij5GikGjlD
kl5 +
1
4
ǫijklD
ij5Dkl5 , (6)
where Dij5 denote the numbers of D3-branes with one dimension wrapping R5, and
Gij is the string metric (e.g. G11 = r
2
1 on a square torus). The normalization factor
G˜6 =
l2sg
2
s
v4
=
8
(2π)2
G6 , (7)
is convenient because it is invariant under SO(5, 5) duality transformations. The
normalization of the various terms in (6) can be verified by writing the right hand
side as the sum of five perfect squares; the first is the square of (2), and the others
follow similarly by comparison with (1).
The next step is to include the parity-odd moduli in the background. It turns
out that the general effect of these fields can be summarized through the substitution
rules
f1 → f˜1 = f1 + χd˜1 − (A4 − 1
8
ǫijklBijCkl)d5 − 1
8
ǫijklCijCkln5 − 1
2
CijD
5ij
d1 → d˜1 = d1 + (A4 + 1
8
ǫijklBijCkl)n5 − 1
8
ǫijklBijBkld5 +
1
2
BijD
5ij (8)
Dij5 → D˜ij5 = Dij5 − 1
2
ǫijklBkld5 +
1
2
ǫijklCkln5
n5 → n˜5 = n5
d5 → d˜5 = d5 − χn5 .
The physical interpretation of these shifts is that the parity-odd moduli induce charges
in addition to the those that are present in the background. This effect is well-known
from the anomaly-induced charges on D-brane world-volumes [20] and, simpler yet,
from the shift in the momentum of the perturbative string in the presence of a NS
B-field. The full substitution rules (8) can be derived using the methods reviewed
in [21].
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The Fixed Scalars: The classical solutions that correspond to a given charge as-
signment have the property that, in the near horizon region, some of the background
moduli are attracted to values which are independent of the moduli in the asymptot-
ically flat region, and which are determined exclusively by the charge vector [10, 11].
From the perspective of the theory without gravity these scalars are not moduli be-
cause they cannot be varied; they are known as fixed scalars. Their values can be
determined in general by minimizing the mass formula (6) with the substitutions (8).
It is instructive to carry out the details in the D1/D5 case. Then the mass formula
is
G˜6M
2
5
R25
=
1
v4
[
d1 + (v4 − 1
8
ǫijklBijBkl)d5
]2
+
g2s
v4
[
χ(d1 − 1
8
ǫijklBijBkl)− (A4 − 1
8
ǫijklBijCkl)d5
]2
+
[
v4
1
8
BijG
ikGjlBkl +
1
4
ǫijklBijBkl
]
d25 . (9)
The fixed scalars are determined by minimizing over moduli space. The result is the
self-duality conditions
v4BijG
ikGjl =
1
2
Bijǫ
ijkl (10)
v4χ = A4 − 1
8
ǫijklBijCkl , (11)
and the fixed volume condition
v4 +
1
8
ǫijklBijBkl =
d1
d5
. (12)
The mass formula at the fixed scalar point is
G˜6M
2
5
R25
= 4d1d5 . (13)
The free moduli that remain in the limiting theory can be chosen as the 16 fields
Gij + Cij as well as the RR-scalar χ and the self-dual NS tensor fields, denoted B
+.
The tensor mass at the fixed point is independent of all these 20 moduli, as it should
be.
It is also interesting to consider the special case of the F1/NS5 background. Then
the mass formula is
G˜6M
2
5
R25
=
g2s
v4
[
f1 − 1
8
ǫijklCijCkln5 +
1
8
ǫijklBijCklχn5 + (χA4 +
v4
g2s
)n5
]2
10
+
1
v4
[
1
8
ǫijklBijCkl + A4 − χv4
]2
n25
+
[
v4
1
8
CijG
ikGjlCkl +
1
4
ǫijklCijCkl
]
n25 . (14)
The fixed scalar conditions become
v4CijG
ikGjl =
1
2
Cijǫ
ijkl (15)
v4χ = −A4 − 1
8
ǫijklBijCkl (16)
f1
n5
= v4(χ
2 +
1
g2s
) +
1
8
ǫijklCijCkl . (17)
As a check on our computations we have verified that the fixed scalar equations (10-
12) transform into (15-17) under duality. The mass formula at the fixed scalar point
is similarly the dual of (13)
G˜6M
2
5
R25
= 4f1n5 , (18)
as expected. In the F1/NS5 system the free moduli can be chosen as the 16 fields
Gij +Bij as well as the RR-scalar χ and the self-dual RR tensor-fields, denoted C
+.
The Singularities in Moduli Space: The spacetime conformal field theory is
singular in a subspace of moduli space [22]. The physical origin of the singularity
was explained in [23, 12]: The D1/D5 system can become unstable to fragmentation
into smaller constituents. Decay is only possible for special values of moduli, which
constitute the singular locus of moduli space.
The singular locus of moduli space is determined by the tensor mass formula. For
example, consider the decay of the D1/D5 brane system with charges (d1, d5) into two
fragments with charges (d1− d′1, d5) and (d′1, 0), respectively (with 0 < d′1 < d1). The
mass of each constitutent is given by (9), with the background moduli constrained
by the fixed scalar conditions of the initial state (10-12). We further assume for
simplicity that the B+ vanishes and that the RR-scalar χ is small. Then the change
in mass from initial to final state is given by
δM5
M5
= −χ
2g2s
2
d′1
2d1 − d′1
+O(χ4) . (19)
Thus the decay is kinematically forbidden, when χ 6= 0. On the other hand, when
χ = 0 there is no barrier to decay, so the singular locus of moduli space includes the
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codimension four subspace given by χ = B+ = 0. The converse result is also true,
up to duality: Fragmentation is possible precisely for the moduli χ = B+ = 0, or
others that are related to them by duality10. It is straightforward to show that other
potential decays are also forbidden unless χ = B+ = 0. Note that since these results
are underpinned by BPS arguments, they are valid for all values of the charges and
in particular when d5 = 1. This is a necessary consistency condition for the proposal
that the symmetric product describes the case d5 = 1.
In [23, 12] a concrete picture of the singularity in the spacetime CFT was achieved
in terms of an effective sigma model of long strings. This description breaks down
completely for d5 = 1; and for d5 = 2 the model cannot describe the perturbation
which lifts the degeneracy of the Coulomb and Higgs branches (it is not in the chiral
ring of this effective theory for d5 = 2). It would be interesting to find a useful
description of the singularity of the spacetime CFT in these two special cases.
The Vector Fields: The next step is to add vector charges to the background of
tensor fields, and then expand as specified by the scaling limit discussed in section
2. The energy associated with the vectors is the total energy of the system less the
mass of the background.
We first consider a square torus and assume that no non-trivial moduli are turned
on. The desired mass formula follows from BPS algebra, as detailed in the Appendix.
In the case where the background is the F1/NS5 system the result is
ER5 =
1
2f1
(~p+ ~wF1)
2 +
1
2n5
1
v4
(~wD1 + v4 ~wD3)
2 . (20)
The notation here and in the following is that the metric contracting ~p or ~wD3 with
themselves is Gij , the inner product on ~wF1 or ~wD1 is Gij, and cross-terms are con-
tracted with δji .
The corresponding formula for the D1/D5 system is derived by the S-duality
transformation that takes gs → g−1s ; maps the metric Gij → g−1s Gij (so that v4 →
g−2s v4); interchanges the background charges f1 ↔ d1 , n5 ↔ d5; transforms the U(1)
charges as ~wD1 ↔ ~wF1; finally ~p (~wD3) are (pseudo) scalars. This gives
ER5 =
1
2d1
gs (~p+
1
gs
~wD1)
2 +
1
2d5
gs
v4
(~wF1 − v4
gs
~wD3)
2 . (21)
10The global subtleties related to duality are discussed in sec. 5.
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The energy formulae (20-21) are derived without assumptions about the moduli.
However, in the scaling limit the fixed scalar conditions must be imposed.
The next step is to take the parity-odd fields into account. The vector charges
shift according to the substitution rules
pi → p˜i = pi +BijwjF1 − CijwjD1 −A4wD3i −
1
4
(BjkCmi − CjkBmi)ǫjkmlwD3l
wD3i → w˜D3i = wD3i
wiF1 → w˜iF1 = wiF1 − χwiD1 +
1
2
ǫijklCjkw
D3
l (22)
wiD1 → w˜iD1 = wiD1 +
1
2
ǫijklBjkw
D3
l .
In these formulae there are no terms that are quadratic in the parity-odd fields because
none of the branes carrying vector charge wrap the entire T 4.
The parity-odd fields also shift the background as indicated in (8). In general, this
lead to significant complications; in particular, it is no longer consistent to choose the
background as one of the canonical ones (D1/D5 or F1/NS5), because the parity-odd
fields mix these with each other and with the D3-branes. However, when the scalars
take their fixed point values the result is much simpler: the shifts in background
charges are compensated by changes in the fixed scalar values. Thus the background
charges are effectively unchanged by the parity-odd moduli. The end result for the
energy of the charges in the D1/D5 background is therefore simply (21) with the shifts
(22) and subject to the fixed scalar equations (10-12). The corresponding result for
the F1/NS5 system is (20) with the same shifts but with the fixed scalar equations
(15-17).
4 Entropy and U(1) Charges
In this section we take the “heavy” background to consist of n5 NS5-branes and f1
fundamental strings. General excitations in this background are characterized by the
value of “momentum” (the scalar charge), energy, and the 16 vector charges. For
sufficiently large coupling, these general configurations are interpreted in spacetime
as charged black holes. At small values of the charges and sufficiently small coupling,
one has an ensemble of brane bound states in AdS3 × S3 × T 4. This section outlines
the calculation of the entropy of such objects.
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Consider a point in moduli space characterized by the 16 components Gij + Bij ;
i.e. the RR bacground is set to zero. The 8 NS-NS U(1) currents form a U(1)4R ×
U(1)4L lattice. The charges are represented as vectors in the fashion familiar from
perturbative string theory. The right and left lattices have norms
Q2R = (pi +Bijw
i
F1)G
ij(pj +Bjkw
k
F1) + w
i
F1Gijw
j
F1 + 2piw
i
F1 (23)
Q2L = (pi −BijwiF1)Gij(pj − BjkwkF1) + wiF1GijwjF1 − 2piwiF1 . (24)
The invariant norm of the full lattice is
1
2
(Q2R −Q2L) = 2piwiF1 . (25)
Similarly, the 8 R-R U(1) currents form a U(1)4R×U(1)4L lattice with norms given by
P 2R =
1
v4
(wiD1 +
∗BijwD3i )Gij(w
j
D1 +
∗BjkwD3k ) + v4w
D3
i G
ijwD3j + 2w
D3
i w
i
D1 (26)
P 2L =
1
v4
(wiD1 − ∗BijwD3i )Gij(wjD1 − ∗BjkwD3k ) + v4wD3i GijwD3j − 2wD3i wiD1 ,(27)
and the invariant norm
1
2
(P 2R − P 2L) = 2wD3i wiD1 . (28)
The conformal dimensions of the theory are written as
hL =
1
2
(ǫ+ p5) , hR =
1
2
(ǫ− p5) , (29)
where ǫ is the dimensionless energy (energy measured in units of the compactified
dimension) and p5 is the scalar charge. These equations express the physical inter-
pretation of conformal levels as left and right moving energy. Vertex operators in the
conformal field theory can be written in the factorized form
V = Virr VU(1) , (30)
where the latter factor carries all the dependence on the U(1) charges. In the subspace
of moduli space considered here, it is meaningful to assert that the currents associated
to the NS-NS sublattice have level q1 and those associated to the R-R sublattice
have level q5. The conformal dimensions of the uncharged part of the operator then
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become11
hirrL =
1
2
(ǫ+ p5)− 1
4f1
Q2L −
1
4n5
P 2L (31)
hirrR =
1
2
(ǫ− p5)− 1
4f1
Q2R −
1
4n5
P 2R . (32)
These equations express the fact that some of the excitation energy must be expended
on excitations that carry the 16 vector charges.
The background conformal field theory is the familiar one, with central charge
cR = cL = 6f1n5. This leads to the entropy
S = 2π
(√
cLhirrL /6 +
√
cRhirrR /6
)
. (33)
This is a prediction for the area of a black hole with the prescribed set of charges.
It would be cumbersome to find such a general solution explicitly but perhaps the
result could be inferred by duality arguments on the supergravity side.
However, in the extreme limit hirrR = 0 the area formula is known [24]. In this case
the excitation energy can be expressed in terms of the charges as
ǫ = p+
1
2f1
Q2R +
1
2n5
P 2R . (34)
The remaining nontrivial energy level can therefore be expressed as
hL = p+
1
4f1
(Q2R −Q2L) +
1
4n5
(P 2R − P 2L) = p+
1
f1
piw
i
F1 +
1
n5
wD3i w
i
D1 , (35)
and the entropy becomes
S = 2π
√
J3 , (36)
where
J3 = p5f1n5 + n5piw
i
F1 + f1w
D3
i w
i
D1 . (37)
This agrees with the area formula given in [24] upon specializing the E6(6) invariant
J3 to the case considered here
12.
11The normalization 1
4
in the conformal dimension for the U(1) currents may appear unfamiliar.
This is because we use units of ls =
√
α′, as is standard in duality discussions; however, one often
takes α′ = 2 in perturbative string theory.
12In [24] there is also a microscopic counting; however, the details seem different from those given
here.
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A special case is p5 = 0, i.e. no momentum flowing on the “large” circle of the
T 5. This is interesting because now there is only momentum (and winding) along
dimensions that are often thought of as dormant; the counting argument nevertheless
works. In another special case, when the RR-charges vanish, an SO(5) invariant
formula is obtained. However, this symmetry is not preserved by the formalism in
intermediate steps.
The entropy of the fundamental string with winding and momentum on T 4 is
analogous to the usual Dabholkar-Harvey spectrum of perturbative string theory,
apart from the factor of n5 that seems to be a ubiquitous feature when five-branes
are present.
5 A fundamental domain for the moduli space
The local geometry of the moduli space of the D1-D5 system is K = SO(5, 4)/SO(5)×
SO(4), the subspace of the scalar field space SO(5, 5)/SO(5)×SO(5) of supergravity
on T 4 to which the geometry is attracted in the near-horizon limit. The global iden-
tifications of this moduli space are implemented by the elements of SO(5, 5;Z) which
preserve the background charge vector; these form a subgroup H~q ≤ SO(5, 5;Z). Ele-
ments of SO(5, 5;Z) not in H~q can be used to map D1- and D5-brane charges (d1, d5)
to the canonical charge vector (N = d1d5, 1), at the expense of mapping the moduli to
exotic values. In other words, one can either impose conditions such as g6 < 1 and vary
the background charges (d1, d5); or allow general g6, etc., with d5 = 1. We will choose
the latter option. Thus, the fundamental domain F = H~q\K of the moduli space
consists of several copies of the domain F0 = SO(5, 4;Z)\SO(5, 4)/SO(5)× SO(4),
and we will roughly be able to associate particular copies of F0 ⊂ F with particular
values of (d1, d5).
The structure of the global identifications on moduli space H~q ≤ SO(5, 5;Z) is
illuminated by considering particular SO(2, 2;Z) = SL(2,Z)L×SL(2,Z)R subgroups
of the SO(5, 5;Z) U-duality group of compactification on T 4. Such subgroups are
large enough to accomplish the transformation of the background charges to the
canonical charge vector, and have a simple matrix realization. A convenient choice
involves SL(2,Z)R acting on τ = χ+ ig
−1
s (i.e. the usual SL(2,Z) symmetry of type
16
IIB in D=10); and the SL(2,Z)L acting on τ˜ = A4+ iv4g
−1
s generated by T1234ST1234
and integer shifts of A4. It is easy to check that these two SL(2,Z)’s commute. In the
explicit computations, we will only track the dependence on these moduli; however,
the general case is discussed at the end.
Let us represent the relevant charges by the matrix
Q =
(
f1 d1
−d5 n5
)
, (38)
and encode the moduli in the matrices
T = 1
τ2
(
1 −τ1
−τ1 |τ |2
)
, (39)
T˜ = 1
τ˜2
(
1 −τ˜1
−τ˜1 |τ˜ |2
)
, (40)
If gR ∈ SL(2,Z)R transforms τ , and gL ∈ SL(2,Z)L transforms τ˜ , then the above
matrices transform as
Q→ gLQgtR T → (g−1R )tT g−1R T˜ → (g−1L )tT˜ g−1L . (41)
For example, the BPS tension formula for the quartet of charges in Q can be written
in terms of SO(2,2) invariants as
G˜6M
2
R25
= tr[T˜ QT Qt] + 2det[Q] . (42)
The fixed scalars of the near-horizon limit are obtained by varying this expression
with respect to the real and imaginary parts of τ and τ˜ ; at the extremum two of
the four parameters will be fixed. For instance, if there are only D-brane charges,
then A4 = χd1/d5, v4/gs = d1/d5gs; in other words, τ˜ = τd1/d5. If we have only
NS charges, then τ˜ τ = −f1/n5. These relations are special cases of the fixed scalar
conditions (11-12) and (16-17), respectively. They show how the moduli space can
be parametrized after fixing the scalars by a single complex parameter that can be
chosen as τ .
The SO(2, 2;Z) group we have isolated generally changes the values of the brane
charges, keeping only the inner product det[Q] invariant. Among the transformations
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are some that can be used to map D1-D5 charges (d1, d5) to the canonical background
(d1d5, 1), while maintaining f1 = n5 = 0; they are
gL =
(
a d5 −b d1
−c d
)
,
gR =
(
a b
c d1 d d5
)
, ad d5 − bc d1 = 1 . (43)
Solutions to this equation exist when (and only when) d1 and d5 are mutually prime;
they can be chosen to have c = d = 1. Some freedom remains, because the matrices
gˆL =
(
α −β d1d5
−γ δ
)
,
gˆR =
(
α β
γ d1d5 δ
)
, αδ − βγd1d5 = 1 , (44)
preserve the charge vector (d1d5, 1), and can be used after the canonical transforma-
tion (43) to do further shifts. Equation (44) defines the congruence subgroup Γ0(d1d5)
of SL(2,Z). The transformations (43) that satisfy c = d = 1 are unique for relatively
prime (d1, d5), modulo the Γ0(d1d5) transformations (44). This shows that (d1, d5)
appear precisely once as the image of the canonical charge (d1d5, 1) under SL(2,Z)
transformations modulo Γ0(d1d5).
Now consider the fundamental domain of the residual transformations (44); this
will be the main ingredient of a specification of a fundamental domain for the moduli
space of the spacetime CFT. Let us again start with non-canonical brane charges
(d1, d5). The singular locus, where the Coulomb branch is degenerate with the Higgs
branch and we expect some sort of pathology in the CFT, is χ = 0; in other words τ
is purely imaginary. We can use (43) to map the singular domain χ = 0 for charges
(d1, d5) into the fundamental domain for the canonical charges (d1d5, 1); this takes
the modulus τ = it to
τ ′2 =
t
d21t
2 + d25
,
τ ′1 =
ad1t
2 + bd5
d21t
2 + d25
, (45)
where a, b are the parameters of the transformation (43) (with c = d = 1).13 The
parameter t is the single remaining real modulus of the four in τ , τ˜ — two have been
13Note that the residual transformations (44) include elements that shifts χ by integers (keeping
gs fixed), so if τ
′
1
is greater than one, we can shift it back into the fundamental domain.
18
eliminated by going to the near-horizon limit, and one by going to the singular locus
of the CFT.14 Since the map of τ is in SL(2,Z), the singular line ℜτ = 0 for charges
(d1, d5) is mapped under (43) to a semicircle centered on the real axis; its endpoints
are at b/d5 and a/d1. As explained in the introduction, the singular loci for various
d1, d5 with fixed N = d1d5 have physically distinct spacetime interpretations as the
places in moduli space where the spacetime CFT can break up into its constituent
D-branes; for instance, d1 ‘fractional instantons’ might recombine into a D-string that
leaves the system by moving onto the near-horizon Coulomb branch. Therefore the
different semicircular arcs for various d1, d5 = N/d1 correspond to different parts of
the fundamental domain that are not identified by the duality group. Indeed, they
are not identified under any action of Γ0(N). A picture of the fundamental domain
for N = 6 is shown in Figure 1.
Thus, the residual transformations preserving the D1-D5 charge vector (N, 1)
and lying in the particular SO(2, 2;Z) subgroup of U-duality is a certain ‘diagonal’
Γ0(N). The index of Γ0(N) in Γ = SL(2,Z) (the number of copies of the SL(2,Z)
fundamental domain in a fundamental domain of Γ0(N)) is [26]
(Γ : Γ0(N)) = N
∏
p|N
p prime
(1 + p−1) . (46)
The number of inequivalent rational cusps in the fundamental domain (i.e. SL(2,Z)
images of τ = i∞ that are not equivalent under Γ0(N)) is [26]
σ∞(N) =
∑
q|N
ϕ(gcd(q, N/q)) , (47)
where ϕ(n) is the Euler function
ϕ(n) = n
∏
p|n
p prime
(1− p−1) . (48)
We specialize to the case where the prime decomposition ofN contains no prime factor
with multiplicity more than one; this guarantees that any partition of N = d1d5 into
14The string coupling g6 (g
−2
6
= τ2τ˜2) determined from (45) is always larger than one after we have
done the transformation; there does not appear to be any residual transformation that changes this.
Charge assignments other than the canonical one therefore always correspond to strongly coupled
regions of moduli space, from the viewpoint of the canonical background.
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τ-1
8i
1/21/30-1/3-1/2 1
Figure 1: Fundamental domain in τ = χ+i/gs of the D1-D5 CFT forN = 6. Corresponding
boundary segments are identified under elements of Γ0(6) (in this example, the identified
segments are symmetric about the imaginary axis). Heavy dashed lines denote the subspaces
where the spacetime CFT becomes singular.The line from τ = 0 to i∞ is the singular
locus for (d1, d5) = (1, 6) or (6, 1), with the lower end corresponding to the former charge
assignment and the upper end corresponding to the latter. Similarly, the circular arc from
τ = 1/3 to 1/2 is the singular locus for charges (3, 2) and (2, 3), respectively. Each rational
cusp corresponds to a different weak-coupling limit of the spacetime CFT.
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(d1 = q, d5 = N/q) is such that d1 and d5 are relatively prime, so that the brane
system is confined to the Higgs branch for generic moduli (the extension to general
N is certainly of interest but lies outside the scope of the present work). In this case
σ∞(N) is simply the number of divisors of N , i.e. precisely the number of ways of
partitioning N into two factors (d1, d5). The cusps of the fundamental domain are
simply those that contain the two ends of the arcs (45) for the various partitions
(d1, d5). The charges (d1, d5) and (d5, d1) are interchanged by the transformation
τ → −1/τ and τ˜ → −1/τ˜ . Hence the segment 1 < t < ∞ of the arc (45) can be
assigned to the former charges, and the segment 0 < t < 1 to the latter charges.
Moreover, d5 copies of the SL(2,Z) fundamental domain meet at the cusp at t =∞
along this arc, and d1 copies meet at the t = 0 cusp at the other end of the arc (see
Figure 1); this reflects the periodicity of χ in the respective original U-duality frames,
before the map to canonical charges (N, 1). The cusps are the ‘large volume limits’
of the torus v4/gs → ∞, before the transformation (43) to the canonical frame, for
different pairs of charges (d1 = q, d5 = N/q); we see there is precisely one for each
charge assignment. Each large volume limit is a different weak coupling limit for the
dual CFT. The different limits are connected through regions of strong coupling. The
fundamental domain of Γ0(N) contains all of the structure needed to describe the
different D1-D5 bound states in the context of a single connected moduli space.
To summarize, we have completely and explicitly characterized the moduli space
and its singular locus. With only the moduli gs, v4/gs, χ, and A4 activated, the
singular locus is given by the arcs (45); we can then switch on all the other moduli
while preserving the fixed scalar conditions (10-12). Each arc in the τ -plane funda-
mental domain of Γ0(N) gives a single connected component of the singular locus,
of codimension four in the full moduli space. In particular, there are only as many
disconnected components of the singular locus as there are partitions of N into un-
ordered pairs (d1, d5) (for the class of examples considered here). All weak-coupling
regions of the CFT other than that for d1 = N occur along the real axis of τ ; these
will be small-volume limits in the target space of the symmetric product (see section
6).
Up to this point we have focussed on the moduli τ = χ + i/gs and τ˜ = A4 +
iv4/gs in the map to the canonical background, by taking B
+ = 0. However, the
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disjoint (disconnected) nature of the singular loci for different (d1, d5) is a property
of generic moduli. The simplest argument leading to this conclusion proceeds in the
F1/NS5 duality frame. We consider a singular locus which is a transformation to the
canonical frame of the point χ = C+ = 0 in the background (f1, n5); and another
singular locus which is the analogous transformation to the canonical frame from the
background (f ′1, n
′
5) (with f1n5 = f
′
1n
′
5 and f
′
1 6= n5). We want to determine whether
these two co-dimension four surfaces intersect. Assume that they do, and pull some
point on the intersection back to the original frame using the maps corresponding
to the two inequivalent interpretations; this gives two points on the original singular
surface corresponding to the charges (f1, n5) and (f
′
1, n
′
5). This surface has χ =
C+ = 0 so, after taking the fixed scalar conditions in to account, it is parametrized
by the standard moduli Gij + Bij (and g6); it is left invariant only by standard T-
duality transformations. However, this is a contradiction: (f1, n5) and (f
′
1, n
′
5) are not
equivalent under T-duality. We conclude that the singular surfaces do not intersect.
The case of general moduli can also be analyzed from a different point of view.
After the map to the canonical frame with charges (d1d5, 1), the group H~q preserving
the background tensor charge vector ~q is generated by two canonical subgroups: (i)
the further Γ0(N) transformations (44); and (ii) transformations STαS, where S is
type IIB S-duality, and Tα is an element of the SO(4, 4;Z) T-duality group. In other
words, any element can be described via its action on the vectors of the charge lattice,
and we can use T-duality to rotate a given vector into some sublattice acted on by
an SO(2, 2;Z) subgroup that mixes it with (d1, d5). The allowed transformations in
this SO(2, 2;Z) subgroup are the image of Γ0(N) under the T-duality map.
The puzzles concerning the “level” of the current algebras, discussed heuristically
in section 2, can be explained in detail using the picture developed in this section.
The point is that the concept of level is meaningful only on the singular loci, where
the simple formula (5) for the energy of vector excitations applies. Even with this re-
striction, the values of the levels are ambiguous: they are covariant under SO(5, 4;Z)
transformations so their values (q1 and q5) are those of the specific singular locus.
More importantly, since the different singular loci are continuously related through
the bulk of moduli space the levels are indeterminate at generic points in moduli
space.
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The above analysis of the global structure of the D1-D5 moduli space carries
over without significant modification to the case of compactification on K3; in the
generators ofH~q discussed above, one simply replaces the SO(4, 4;Z) T-duality group
in transformations of type (ii) by the SO(4, 20;Z) T-duality group of K3.
6 Comparison with the symmetric orbifold CFT
The analysis of the U(1) mass formula gives a great deal of robust, nontopological data
about the spacetime CFT. This data can be used to pin down the relation between the
symmetric orbifold CFT SymN (X4) and the spacetime CFT dual to AdS3×S3×X4.
The points of comparison of this CFT with the data of the spacetime CFT of the
D1-D5 system consist of
• The spectrum of BPS states;
• The qualitative density of states in the vicinity of the orbifold locus;
• The moduli-dependent U(1)16 mass formula.
In this section, we analyze these data in turn.
First, we review the spectrum of half-BPS states of the symmetric orbifold con-
formal field theory; it matches several previous investigations of this spectrum [13,
14, 27, 28].15 As argued by Vafa [13] the half-BPS spectrum of the D1-D5 system is
expected to match that of a fundamental string with winding and momentum charges
(the so-called Dabholkar-Harvey spectrum). This relation is most easily seen [15] via
the chain of dualities involved in maintaining a proper low-energy description of the
near-horizon region as one passes to the core of the geometry; these dualities map
D1/D5 charge to momentum/fundamental string winding charge. In addition, we
will find a direct map between the BPS chiral vertex operators of the symmetric
orbifold, and those constructed in a perturbative string approach [30, 18]; the lat-
ter, however, do not cover the full BPS spectrum, as explained in [12]. The precise
match of the symmetric orbifold BPS spectrum (including the cutoff in R-charge at
15The discussion corrects several errors in [29].
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j = d1d5/2) limits one’s ability to tinker with this CFT and still match the structure
of the unadulterated D1-D5 system.
The BPS spectrum is topological data, and as such does not help us discover where
the symmetric orbifold lies in the moduli space analyzed in previous sections. The
fact that it contains a U(1)4L ×U(1)4R current algebra of level N = d1d5 suggests it is
somewhere in the τ = i∞ cusp of the fundamental domain (c.f. Figure 1), according
to the discussion of section 5. Further support for this idea comes from consideration
of the non-BPS spectrum. An estimate [16] of this spectrum yields Hagedorn growth
S ∝ E in the neighborhood of the orbifold locus. This estimate is also consistent
with q5 = 1.
Finally, we come to the spectrum of U(1)16 charged states. We find a slight
modification of the symmetric orbifold which precisely agrees with the formula for
vector masses at χ = 1
2
and B = 0, and identify the perturbations away from the
orbifold point in the moduli space.
6.1 The spectrum, BPS and otherwise
The symmetric orbifold whose target space is SymN(X4), where X4 is K3 or T 4, is
an N = (4, 4) conformal field theory16. In this CFT, there is a huge list of BPS
states; the ground state in each twisted sector will be in a short multiplet. There is
an independent twisted sector for each conjugacy class in the orbifold group, i.e. in
the present case for each type of word in the symmetric group. Words are composed
of cycles, each of which is a cyclic permutation of copies of X4. The twist operator
for a single cycle is the analogue of a single-trace operator in the 3+1d superYang-
Mills/AdS5 × S5 duality – in other words, it is the representation of a single-particle
operator.17 Twist operators for words that are products of cycles are multiparticle
operators; their structure is determined combinatorically, and obeys the upper cutoff
j ≤ N/2 of the allowed R-charges (since a word in SN always has length less than or
16The analysis in this section partially overlaps with [31].
17More precisely, it is the leading term in such an operator; there could be a nontrivial, nonlinear
map between the boundary operator algebra of supergravity and that of the CFT, similar to that
seen in solvable models [32]. Indeed, we will argue below that the modulus of the CFT corresponding
to the RR scalar has a component which is not a single-particle operator as defined here.
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equal to N). Thus we need only consider the twist operators for cycles, namely the
twists corresponding to
(X4)k/Zk . (49)
The twist acts by cyclic permutation of the coordinates Y (ℓ)aa˙ , λ
(ℓ)
aα, λ¯
(ℓ)
aα˙ (ℓ = 0, . . . , k−1)
of the component CFT’s; the coordinates
X (ℓ˜) =
k−1∑
ℓ=0
exp
[
2πi
ℓ˜ℓ
k
]
Y (ℓ) , ℓ˜ = 0, . . . , k − 1 (50)
diagonalize the action of the twist (similarly ψ, ψ¯ diagonalize twists for λ, λ¯). The
operator which creates the twist ground state from the SL(2)-invariant CFT vacuum
is the product of the (ℓ˜/k) twist operators for each X (ℓ˜), ℓ˜ = 1, ..., k − 1 (and their
fermionic partners). These component twist operators have conformal dimension
∆ = ℓ˜(k − ℓ˜)/k2 from the operator that twists the bosons, and ∆ = (ℓ˜/k)2 from the
fermions; combining all the twists, the total dimension is
∆Zk twist =
1
2
(k − 1) . (51)
Since the dimension equals the R-charge, the operator is BPS. We will denote the
chiral part of the resulting operator Σα1···αk−1 , exhibiting its left-handed SU(2) R-
symmetry transformation as a spin 1
2
(k − 1) representation. The right-handed chiral
vertex operator is similarly Σ¯α˙1···α˙k−1 .
Details for X4 = T 4: The highest weight N = (4, 4) vertex operators that create
single-particle BPS states are then built out of the twist operator ΣΣ¯, together with
the diagonal fermions ψ(0), ψ¯(0) which are invariant under the twist; one simply uses
these ingredients to build operators whose dimension is equal to their SU(2) spin.
Bosonic operators are
Φ0,0 = Σ
α1···αn · Σ¯α˙1···α˙n
Φab1,1 = ψ
a(α1
(0) Σ
α2···αn) · ψ¯(0) b(α˙1 Σ¯α˙2···α˙n)
Φ2,0 = J
(α1α2
(0) Σ
α3···αn+2) · Σ¯α˙1···α˙n (52)
Φ0,2 = Σ
α1···αn · J¯ (0)(α˙1α˙2Σ¯α˙3···α˙n+2)
Φ2,2 = J
(α1α2
(0) Σ
α3···αn+2) · J¯ (0)(α˙1α˙2Σ¯α˙3···α˙n+2) ,
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where Jαβ(0) = ψ
aα
(0)ψ
bβ
(0)ǫab is a current built out of the diagonal fermions and J¯
(0)
α˙1α˙2 is the
corresponding antiholomorphic current. An analogous set of chiral building blocks
for boundary operators appears in the work of [30, 18], which describes perturbative
strings near the boundary of AdS3; the transcription of the chiral vertex operators
above to their counterparts in the notation of [18] is Σ ↔ W−, ψΣ ↔ Y±, and
JΣ ↔ X+. Since the formalism of [30] describes a particular regime of the space-
time CFT [12], the set of chiral operators realized there is smaller than that of the
symmetric orbifold.
Similarly, the fermionic BPS operators of the T 4 symmetric orbifold are
Ψa1,0 = ψ
a(α1
(0) Σ
α2···αn+1) · Σ¯α˙1···α˙n
Ψa0,1 = Σ
α1···αn · ψ¯(0)a(α˙1 Σ¯α˙2···α˙n+1)
Ψa1,2 = ψ
a(α1
(0) Σ
α2···αn+1) · J¯ (0)(α˙1α˙2Σ¯α˙3···α˙n+2) (53)
Ψa2,1 = J
(α1α2
(0) Σ
α3···αn+2) · ψ¯(0)a(α˙1 Σ¯α˙2···α˙n+1) .
The sixteen operators Φp,q, Ψp,q fill out the Hodge diamondH
p,q of T 4 [14, 27, 28], with
eight odd elements corresponding to fermions and eight even elements corresponding
to bosons.
Finally, the proper description of the CFT for X4 = T 4 includes an additional
four-torus T˜ 4 current algebra. The BPS spectrum of this extra T˜ 4 consists of 1, λ˜,
¯˜λ, λ˜¯˜λ; the counting of these latter states is again that of the four-torus cohomology,
and is isomorphic to the set of chiral ground states of the superstring. Without this
extra contribution, one would not reproduce the correct degeneracy of BPS states.
The counting of multiparticle BPS states matches that of the chiral spectrum of the
superstring, since the basic operators (52),(53) are isomorphic to the chiral oscillator
spectrum of the superstring, and the multiparticle states are the Fock space of the
single-particle spectrum.18 All told, the BPS spectrum is that of the (Dabholkar-
Harvey) BPS states of a single superstring – the 16 BPS states from the extra T 4
supplies the degeneracy of the left-moving ground states, and the symmetric product
gives the same counting as the left-moving oscillator states at level N = d1d5; the
18For a given element of SN , each component T
4 belongs to some cycle (possibly trivial) of the
permutation, hence to some oscillator creation operator; the total number of component T 4’s defines
the total oscillator level of the chiral oscillator spectrum.
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global N = (4, 4) descendants supply an extra factor of 16, representing the right-
moving ground state degeneracy.
Details for X4 = K3: The situation for X4 = K3 is similar. One has exactly the
same twist operators Σ · Σ¯ for k-cycles, which can be tensored with any of the 24
chiral primaries from the diagonal copy of K3 in K3k/Zk; thus the structure is that
of the chiral oscillators of the bosonic string. In this case all d1d5+1 copies of K3 are
involved in the symmetric orbifold. There is no extra degeneracy of BPS states from
some other component of the CFT, analogous to the extra T 4 in the previous example;
this matches onto the uniqueness of the ground state of the bosonic string. Also, the
additional copy of K3 in the symmetric product means that the degeneracy of BPS
states will be that of the bosonic string at level N = d1d5 + 1, matching the shift
by one in ground state energy. Finally, taking into account the 16-fold degeneracy of
the N = (4, 4) short multiplet gives the Dabholkar-Harvey spectrum of the heterotic
string, as expected [13, 15]. The moduli involve the usual 20 hypermultiplets of the
base K3, together with the further blowup hypermultiplet (described below for the
torus case); together they parametrize the SO(4, 21)/SO(4) × SO(21) Teichmuller
moduli space.
Non BPS states: A simple argument [16] shows that the full density of (generi-
cally non-BPS) NS-sector states of the symmetric orbifold is of a stringy nature, not
characteristic of low-energy supergravity on AdS3 × S3 ×X4. The kth twisted sector
has oscillators with moding 1/k; the energy cost to reach this sector is R5E ∼ O(k)
(see (51)). Thus the total density of states is approximately
ρ(E) ∼
min (d1d5,R5E)∑
k=1
ρk exp
[
β0
√
k(R5E − k)
]
, (54)
for some constants β0, ρk. For a given R5E < d1d5, the value of k that dominates the
density of states is O(R5E/2), thus ρ(E) ∼ exp[β0R5E/2] is a Hagedorn spectrum.
This spectrum turns over to the exp[2π
√
d1d5E] growth required of a CFT with
central charge c = 6d1d5 above the characteristic energy scale R5E ∼ d1d5. Because
the low-energy spectrum has string-theoretic rather than field-theoretic growth, the
symmetric orbifold must describe a regime where there is a string in the theory whose
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tension is of order the AdS radius of curvature, so that the spacetime does not have
a supergravity interpretation. It is not difficult to identify the culprit: In the D1-D5
background, the AdS radius in units of the D-string tension is
√
d5,
19 so that when
d5 = 1 the spacetime seen by this object has stringy curvature. One has to make
sure that the spacetime is of low curvature with respect to all strings present in the
spectrum in order to have a valid low-energy supergravity description. As is standard
in decoupling limits, the region of the moduli space corresponding to spacetimes with
a valid low-energy supergravity description is a strongly-coupled region of the dual
quantum field theory. We take the qualitative agreement of the full spectrum of
the symmetric orbifold with that expected for d5 = 1 as further evidence for the
identification of the orbifold locus with a part of the d5 = 1 region of the moduli
space of the spacetime CFT.
6.2 Dependence on moduli
The U(1)4L × U(1)4R of the symmetric orbifold SymN(T 4) is at level N = d1d5, while
that of T˜ 4 is at level one. This suggests that this CFT describes some part of the
corresponding region of the spacetime CFT, where the U(1) spectrum separates into
two pieces with corresponding levels — in other words, the τ → i∞ cusp of the
fundamental domain in the canonical presentation of section 5. We now provide
further evidence in support of this proposal, by checking that the dependence on all
the moduli is consistent with this identification.
The moduli space of the SymN (T 4) theory includes the 16 Narain moduli
Mij = γiaa˙γjbb˙∂Y aa˙∂¯Y bb˙ , (55)
of the d1d5 copies of T
4 in the symmetric product, as well as the four blowup modes
of the Z2 twist in Sd1d5 ; near the orbifold point, the corresponding operators are the
descendants
Mab = Gaα−1/2G¯bβ˙−1/2Σα · Σ¯β˙ , (56)
of the Z2 twist highest weight. In addition to these 20 moduli parametrizing K =
SO(5, 4)/SO(5)×SO(4), there are the U(1) current perturbations JiJ j, J˜iJ j , JiJ˜ j ,
19This is just the S-dual of a corresponding statement in F1-NS5 backgrounds, where the AdS
radius in units of the F1-string scale is
√
n5.
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and J˜iJ˜ j, where Ji, J i are the eight diagonal U(1) currents of (T 4)N ; and J˜i, J˜ i are
the U(1) currents of the T˜ 4. One issue we will have to address is precisely how the
moduli space of the spacetime theory sits inside this 84-dimensional moduli space.
To begin, let us turn off the self-dual NS B-field moduli in the U(1) spectrum
formula (21) (with the shifts (22) implied). Let d1 = N and d5 = 1, and define the
unit volume metric Gˆij = Gij/
√
v4 and six-dimensional string coupling g6 = gs/
√
v4.
The U(1) mass formula reduces to
R5M =
1
2N
[
(pi − CikwkD1 +NχwD3i ) · g6Gˆij · (pj − CjmwmD1 +NχwD3j )
+wiD1 · g−16 Gˆij · wjD1 + 2piwiD1
]
+
1
2
[
(wiF1 − ∗C ikwD3k − χwiD1) · g6Gˆij · (wjF1 − ∗CjmwD3m − χwjD1)
+wD3i · g−16 Gˆij · wD3j − 2wiF1wD3i
]
. (57)
The SO(4, 4)/SO(4)×SO(4)moduli parametrized by g6, Gˆ, and Cij appear differently
in the two square brackets. This is because the eight U(1) charges (pi, w
i
D1) transform
in the vector of the associated SO(4, 4;Z) T-duality group, while the eight charges
(wiF1, w
D3
i ) transform in a spinor representation (the two are related by triality in
SO(4,4)). In terms of this data, we identify the moduli of the tori in the symmetric
orbifold as a metric g−16 Gˆij and an antisymmetric tensor Cij , whereas the moduli of
the extra T˜ 4 are a metric g−16 Gˆ
ij and an antisymmetric tensor ∗C ij = ǫijklCkj. Note
also that, even though wiF1 has a contravariant index, it should be thought of as a
‘momentum’ charge on T˜ 4 for the present purpose, since it is this quantity that is
shifted by the T˜ 4 ‘winding’ wD3i in the presence of a nontrivial antisymmetric tensor
background.
Having found the embedding of the SO(4, 4)/SO(4)×SO(4) moduli of the space-
time CFT in that of the (SO(4, 4)/SO(4) × SO(4))2 moduli space of tori of the
SymN(T 4) × T˜ 4 CFT, we can account for the χ dependence as follows. From the
way it appears in (57), part of the perturbation corresponding to χ should be an-
other antisymmetric tensor modulus of SymN(T 4) × T˜ 4 since it couples in the same
way; however, since it couples the momentum of SymN(T 4) to the winding on T˜ 4 and
vice-versa, it must involve an antisymmetric perturbation that mixes the two factors.
The fact that the orbifold is parity symmetric means that it can only describe χ = 0
or χ = 1
2
in the moduli space [22]. However, χ = 0 is a singular CFT, leaving χ = 1
2
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as the only candidate. Thus we should modify the orbifold to include an asymmetric
shift by half a lattice vector coupling Ji and J˜i. Note that this asymmetric shift
will copy the winding wD3i on the T˜
4 onto each copy of T 4 in the symmetric product,
accounting for the relative factor of N in shift of the momenta in the first term of
(57). The asymmetric shift amounts to turning on a term
M̂ =
(
J aa˙J˜ bb˙ − J˜ aa˙J bb˙
)
ǫabǫa˙b˙ , (58)
in the action of the sigma model on SymN (T 4) × T˜ 4. However, the vertex operator
corresponding to the modulus χ cannot consist solely of M̂, since deforming the
orbifold to χ = 0 would not result in a singular CFT. This job is accomplished by
the scalar Z2 blowup mode ǫabMab (56), which also has the right quantum numbers
to be part of the modulus χ. Moreover, it is the operator that shifts the theta angle
in the symmetric orbifold sigma model; turning it on by half a unit tunes the theta
angle to zero, resulting in the singular CFT expected at χ = 0. Thus the dependence
of the spacetime CFT on the modulus χ is carried by several different parts of the
symmetric orbifold – the blowup modulus accounts for the singularity encountered
at χ = 0, while the current-current perturbation M̂ takes care of the mixing of U(1)
charges as a function of χ. The correct perturbation away from the orbifold point is
δχ · (M̂+ ǫabMab).
The analysis for the other three blowup moduli (self-dual NS two-forms in the
present duality frame) is similar, but complicated by the fact that these perturbations
enter as metric deformations in the U(1) mass formula. Indeed, they couple the
‘momenta’ pi and w
i
F1 to one another, as well as the ‘winding’ quantum numbers w
i
D1
and wD3i . It is natural to identify the perturbations away from the orbifold point with
the symmetric combinations
~M =
(
J aa˙J˜ bb˙ + J˜ aa˙J bb˙
)
~τabǫa˙b˙ . (59)
It is not too hard to check that, to lowest order, the effect on the symmetric product is
N times that on the extra T˜ 4, just as for the χ perturbation. In any case, these moduli
are turned off at the orbifold locus (otherwise, they would break various discrete
symmetries). The perturbation away from the orbifold locus is δ ~B+ · ( ~M+ ~τabMab).
To summarize, we propose that the orbifold SymN (T 4)×T˜ 4, where the semi-direct
product is meant to indicate the additional asymmetric shift coupling the two factors,
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describes the line χ = 1
2
in the D1-D5 moduli space in the canonical duality frame of
section 5. Moving in the moduli subspace parametrized by χ and g6 = gs/
√
N , we
should encounter the singularities corresponding to all other partitions of N . These
loci depend separately on d1 and d5, and we get a different singular locus in the
moduli space of the symmetric product, for each possible partition of the product
N = d1d5 into two factors. All the other singularities are at small volume of the T
4,
with order one amount of the blowup modulus turned on; thus the sigma model is
strongly coupled.
It would be interesting to understand what phenomenon in the CFT distinguishes
the singular domains; it is natural to speculate that there is a singularity in the sigma
model target space in which d5 ‘fractional instantons’ come together to make a D1-
brane or D5-brane that leaves the system, and that this phenomenon is related to the
denominators of the rational cusps of the fundamental domain – i.e. that χ ∼ a/d1
or χ ∼ b/d5 (in the notation of section (5)). Perhaps these are relics of the d1- or
d5-twisted sectors of the orbifold, since the ‘fractional instantons’ at the orbifold point
are the fields parametrizing the component copies of T 4; and it is these twist operators
that sew together the proper number of ‘fractional instantons’ of the orbifold theory
to reconstitute a string that can leave the system. It is hard to be precise, however,
since the orbifold point is far in the moduli space from the singular loci.
6.3 Other orbifolds
Adding KK monopoles: In [18], the GKS formalism was extended to the N =
(4, 0) SCFT obtained when one introduces Kaluza-Klein monopoles into the brane
background, after compactification on an additional circle. The moduli space of the
IIB theory on T 5 is E6(6)/USp(8), which is restricted to F4(4)/SU(2)×USp(6) by the
fixed scalar mechanism. Analogous to the D1-D5 system without the KK monopole,
the group of discrete identifications of the moduli space is the subgroup of E6(6)(Z)
that fixes the background charges. It would be interesting to give a more explicit char-
acterization of it, along the lines of the present discussion for the D1-D5 background.
In the symmetric orbifold CFT, the addition of p KK monopoles to the background
involves an asymmetric orbifold that acts as a Zp twist of the right-moving SU(2)
R-symmetry [18, 33]. This twist breaks the right-moving supersymmetry completely,
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consequently there will be additional moduli which involve lowest components of su-
perfields from the untwisted sector (one can check that no new moduli arise from
twisted sectors of the Zp orbifold). Near the orbifold point, the additional moduli are
generated by the vertex operators
Maa˙ 5 = ∂Yaa˙J¯3 , (60)
(here J3 is the R-current left unbroken by the Zp action), and by
M˜ab = Gaα−1/2Σα · ψ¯bβ˙(0)Σ¯α˙τ 3α˙β˙ . (61)
It is not difficult to check that these operators have no three-point function with
themselves, the T 4 moduli, or the blowup modes (56), and are thus moduli (this
should be a sufficient condition given (4, 0) supersymmetry). They also have the
right spacetime quantum numbers under both Lorentz and SU(2) × USp(6) trans-
formations. Specifically, the moduli transform as the (2, 14) under this group, which
decomposes as a (2, 1, 4)⊕ (2, 2, 5) under the manifest SU(2)×SU(2)×SO(5) of the
orbifold CFT (the SU(2)× SU(2) transforms the left-movers of the CFT, the SO(5)
the right-movers); the (2,2,5) consist of the moduli from the untwisted sector, and
the (2,1,4) are the eight moduli (56),(61) coming from the Z2 twisted sector of the
symmetric orbifold.
One can again carry out the scaling analysis of section 2. The type IIB theory is
now compactified on T 6, with one circle kept large and the rest having sizes of order
the string scale. There is a background of three of the 27 available tensor charges
turned on, which we have taken to consist of p KK monopoles, q5 D5-branes, and
q1 D-strings. The background naturally distinguishes one of the five small circles
as the nontrivial fiber of the KK monopole; the remaining four are isomorphic to
the T 4 that the D1-D5 system is compactified on. The vector excitations about the
background form a 27 of the E6(6) duality group of the small T
5:
(
5
3
)
= 10 D3-branes,
5 D1-branes, 5 fundamental strings, 5 KK-momenta, one wrapped D5-brane, and one
wrapped NS5-brane. These naturally decompose as 8v+8s+8c+1+1+1 under the
SO(4, 4) T-duality group of the T 4. One finds a structure reminiscent of (5), with
three separate T 4 current algebras of levels q1, q5, and p; and an interesting triality
symmetry among the terms. We hope to give further details elsewhere.
32
Orientifolds: One can also consider the D1-D5 system in the presence of an
orientifold plane. In this case, the orientifold projection eliminates the RR scalar and
the four-form A4, as well as the NS B-field. Therefore, the SO(5, 4)/SO(5)× SO(4)
near-horizon moduli space will be reduced to SO(4, 4)/SO(4)×SO(4); the RR scalar
will be frozen to either χ = 0 or χ = 1
2
for any given values of d1 and d5. In partic-
ular, the moduli that enabled us to move between the various domains associated to
different one-brane and five-brane charges for fixed N = d1d5 are projected out. Any
orbifold conformal field theory that describes such a situation then has no analogues
of the twisted sector moduli Mab; the orbifold moduli space will then only describe
d1 = 1 or d5 = 1.
A general analysis of D5-branes in the presence of orientifold 5-planes was per-
formed in [34, 35, 36]. There are two types of orientifold that fix χ = 0 and two
that fix χ = 1
2
; only the latter are expected to lead to nonsingular dual CFT’s when
D1-branes are added and the scaling limit is taken. These are
• An O5-plane of SO-type (D5-brane charge -1) with an odd number of 5-branes,
yielding gauge group SO(2k + 1);
• An O5-plane of Sp-type (D5-brane charge +2) with an even number of D5-
branes, giving Sp(2k) gauge group.
One might therefore expect that there is an appropriate modification of the sym-
metric orbifold that generates the moduli space of a single SO(2k + 1) or Sp(2k) in-
stanton on T 4 or K3. The dimension of the moduli space of n instantons in SO(2k+1)
or Sp(2k) gauge theory on T 4 or K3 is 4[2k(n− k)− k], leading one to expect a CFT
of central charge c = 6[2d1d5 − d5], in particular one has c = 6d5 when d1 = 1. The
orientifold will eliminate all half-integer spin representations of R-symmetry from the
half-BPS spectrum. It is this projection that removes the twisted moduli Mab (56)
related to χ and B+, pinning the orbifold at χ = 1
2
. Since the projection eliminates
the gauge fields that carry fundamental string and D3-brane flux, when X4 = T 4,
only the U(1) charges associated to momenta and wrapped D1-branes survive.
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A Derivation of a BPS formula
The mass formulae of interest are BPS formulae, and hence direct consequences of
supersymmetry. BPS masses are derived by solving appropriate eigenvalue prob-
lems. The details of this strategy as well as original references can be found in the
review [21].
The simplest starting point is the expression for the supersymmetry algebra in
M-theory. Imposing nontrivial supersymmetry leads to an eigenvalue equation for
the central charges[
CΓMPM + 1
2
CΓMNZMN + 1
5!
CΓMNPQRZMNPQR
]
ǫ = 0 . (62)
The central charges ZMN and ZMNPQR are M2- and M5-brane charges, respectively,
and the PM are the momenta; in particular P0 is the massM that we want to compute.
The parity-odd moduli are taken to vanish; they will be reinstated in the end. ǫ is
the spinorial eigenvector of the preserved supersymmetry. The metric is mostly plus.
In this Appendix we consider a F1/NS5 background and excitations with arbitrary
vector charges. Our charge assignments are type IIB but transformation to M-theory
is simple; this leads to the eigenvalue equation[
Γ5Q1 + Γ
1234Γ5Q5 + Γ
iPi + ΓiΓ
11W iF1 + ΓiΓ
5W iD1 + Γ
5Γ11Γ1234ΓiWD3i
]
ǫ = Γ0Mǫ
(63)
The physical charge, denoted by a capital letter, is the mass of an isolated brane with
the given charge. The masses (1) therefore give the conversion factors between the
physical charges used here, and the quantized charges used in the main text.
The square of the eigenvalue equation gives the expression for the mass
M2 = M2T +M
2
V + 2MTV , (64)
where
M2T = Q
2
1 +Q
2
5 + 2Q1Q5Γ
1234 , (65)
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is the contribution of the background,
M2V = ~P
2 + ~W 2F1 + ~W
2
D1 + ~W
2
D3
+2
[
Γ11 ~P · ~WF1 + Γ5 ~P · ~WD1
−Γ11Γ1234 ~WD1 · ~WD3 + Γ5Γ1234 ~WF1 · ~WD3
+Γ5Γ11ΓijW
i
D1W
j
F1 + Γ
5Γ11Γ1234ΓijWD3i Pj
]
, (66)
is the contribution of the vector excitations, and
MTV = Q1
[
−ΓiW iD1 + Γ11Γ1234ΓiWD3i
]
+ Q5
[
Γ5Γ1234ΓiPi − Γ5Γ11Γ1234ΓiW iF1
]
, (67)
is an interaction term between the background and the excitations. In these equations
it is implied that all gamma-matrices act on ǫ, even though this is not indicated
explicitly.
At this point the manipulations simplify upon taking the scaling limit into account.
M2T is order l
−4
s , M
2
V is order l
−2
s , and MTV is order l
−3
s . The square of the largest
terms is
(Q1Q5Γ
1234 +MTV )
2 = Q21Q
2
5 +Q
2
5(~P
2 + ~W 2F1 + 2Γ
11 ~P · ~WF1)
+Q21(
~W 2D1 +
~W 2D3 − 2Γ11Γ1234 ~WD1 · ~WD3) (68)
+2Q1Q5
(
−Γ5Γ1234 ~P · ~WD1 − Γ5 ~WF1 · ~WD3
Γ5Γ11Γ1234ΓijW
i
F1W
j
D1 + Γ
5Γ11ΓijPiW
D3
j
)
,
Note that Γ1234 anticommutes with MTV so that there are no terms of order l
−3
s . It
is this structure of the supersymmetry which is ultimately responsible for the vector
charges having finite energy in the scaling limit.
Next, take the square root and expand
Q1Q5Γ
1234 +MTV ≃ Q1Q5 + Q1
2Q5
( ~W 2D1 +
~W 2D3 − 2Γ11 ~WD1 · ~WD3)
+
Q5
2Q1
(~P 2 + ~W 2F1 − 2Γ11 ~P · ~WF1) (69)
−Γ5 ~P · ~WD1 − Γ5 ~WF1 · ~WD3
+Γ5Γ11ΓijW
i
F1W
j
D1 + Γ
5Γ11ΓijPiW
D3
j .
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This result is valid up to terms of order l2s . We have chosen the subspace where
Γ1234 = 1, as appropriate when Q1, Q5 > 0; this is legitimate at this point because
Γ1234 commutes with all other operators that remain. The terms in (64) now add to
M2 = (Q1 +Q5)
2 +
Q1 +Q5
Q5
( ~W 2D1 +
~W 2D3 − 2Γ11 ~WD1 · ~WD3)
+
Q1 +Q5
Q1
(~P 2 + ~W 2F1 + 2Γ
11 ~P · ~WF1) , (70)
up to order l2s . Note that this simple expression is the result of numerous cancellations
between the vector terms and the tensor-vector interactions. At this point the eigen-
value equation is solved by taking Γ11 = 1 (this is legitimate because it commutes
with Γ1234 = 1). Taking the square root again gives
M = Q1 +Q5 +
1
2Q5
( ~W 2D1 +
~W 2D3 − 2 ~WD1 · ~WD3)
+
1
2Q1
(~P 2 + ~W 2F1 − 2~P · ~WF1) . (71)
The excitation energy can now be read off as the energy above the background mass.
After conversion to the quantized charges used in the main text, the result reads
ER5 =
1
2f1
(~p+ ~wF1)
2 +
1
2n5
1
v4
(~wD1 − v4 ~wD3)2 . (72)
Here it is understood that Gij (contracting pi, w
D3
i ) and Gij (contracting w
i
F1, w
i
D1)
are measured in units of ls. The final equation (72) is identical to (21), except that
the sign of ~wD3 has been changed. This is purely a matter of conventions.
Two refinements of these results are needed for the entropy computation in section
4. First, it is straightforward to generalize the computation in this Appendix by
including also the scalar charge p5, i.e. the momentum along the background F1.
The result is simply that p5 can be added on the right-hand side of (72), without
any further cross-terms. Next, the mass computed here is the largest eigenvalue of
the central charge matrix. The computation also identifies the smaller eigenvalue: it
is found by choosing instead Γ11 = −1 after (70). This results in the opposite signs
within the absolute squares in (72). This justifies the smaller conformal weight (hL)
used in section 4.
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